The statics of one-dimensional rigid units chain subject to stretching force is analyzed. The potential energy of adjacent units interaction is assumed in the simple periodic form (harmonic in the small distortion limit). The position angles of subsequent units are given by the system of two iteration equations, one of them being irreversible. The derived system of equations exhibits interesting properties significantly different from those of the standard system which describes the chain in the harmonic approximation.
Introduction
In the present paper we study the statics of onedimensional chain consisting of identical interacting rigid units. Our considerations will focus on the equilibrium configurations. Each unit has only one degree of freedom described by position angle X i . The potential energy of adjacent units interaction is assumed in the simplest periodic form, namely Φ i+1,i = Φ 0 (1 − cos(X i+1 − X i ))
where Y i+1 = X i+1 − X i is the relative angle between adjacent units. In the small distortion limit, i.e. Y i 1, Φ is harmonic
however its periodicity allows one to study arbitrary large distortions, for which the harmonic approximation is not appropriate. Such large distortions are present when we consider (for example) polipeptydes (see [Zorski & Infeld, 1997] ) or polymer chains. Besides, we assume that the chain is stretched by force F , which implies that on each unit there acts an additional moment of force
where l 0 is the length of each unit. Thus, the moment equation of equilibrium has the form
which implies the system of two difference equations describing the statics of the chain.
where k = F l 0 /Φ 0 . The initial conditions (X 1 , Y 1 ) or (X 1 , X 2 ) are given by the position angles of two first units. Having X 1 , X 2 one can easily calculate the external moment of forces which must act on the first units to keep it in equilibrium. Let us note that when one assumes the harmonic interaction of adjacent units one gets
i.e. the standard system. The system of harmonically interacting units has been analyzed by many authors [Zorski & Makaruk, 1997; Karolyi, 1999] .
Main Properties of the System (5) (6)
With no loss of generality we may assume that k ≥ 0. When for given i the absolute value of r.h.s. of (6) is larger than unity, then Y i+1 / ∈ R and trajectory (X i , Y i ) leaves R 2 plane. The solution becomes unphysical but may still be interesting from the mathematical point of view. It is not obvious from the initial conditions (X 1 , Y 1 ) whether the trajectory will remains on R 2 plane up to a given i; this problem will be discussed later.
We confine the analysis of the system (5)-(6) to the first branch of Arcsin.
Area-preservation property
Introducing new variables y = sin Y , x = X one may transform (5)-(6) into
The Jacobi matrix of the above transformation J i is
det J i = 1 for any i. Since the system (5)-(6) transforms to area-preserving mapping (it is measurepreserving) it also has the KAM properties (existence of invariant curves, islands, etc.). The system (5)-(6) has two fixed points: unstable point (X, Y ) = (0, 0) and (X, Y ) = (π, 0) which is stable for 0 < k < 4. In Figs. 1-3 "typical" phase plane trajectories are shown for three values of the perturbation parameter k = 0.1, k = 0.23, k = 0.5. One can see that for small k there exist two main classes of solutions: zero-order toruses for which the position angle grows monotonically, and firstorder toruses around the stable point for which the position angle oscillates in the range (0, 2π). The solution from the first class shall be called "circuit" while from second "folders". Like in the standard system one can observe the hierarchy of KAM toruses, Fig. 4 .
Continuous approximation of the system (5) (6)
The iterates X i and Y i may be considered as variables measured at a given position on the chain s i = i. For such an approach one may rewrite system (5)- (6) as follows (5)- (6) for k = 0.23. 
Then using the following approximations (see also Appendix)
and
where prime denotes differentiation with respect to s, one gets
Now, replacing everywhere s by s − 1/2 and using the similar approximation like in (13) and (14), i.e.
and neglecting the second-order derivative terms in (17) and (18) one gets the following system of two differential equations
The above system can be solved numerically. For a wide range of perturbation parameters the solutions of (19) and (20) trace quite well the trajectories of the initial system (5)- (6), even if the latter are chaotic, Figs. 5 and 6. This suggests that the study of the system (19)- (20) may give one a hint to an analysis of the initial system (5)-(6). It is interesting to determine the critical k at which the last KAM torus of zero order (i.e. the "circuit" solution) disappears. The critical k for the continuous system is k cont ≈ 0.252.
Chaotic Trajectories, Critical k
Like in the standard system (even for arbitrary small k > 0) the trajectories starting from a close vicinity of hyperbolic point (0, 0) are chaotic. For bigger k the broader is the chaotic sea in the neighborhood of point (0, 0). The chaotic region is divided by the zero-order KAM toruses and accompanied by higher-order inland around elliptic points. Outside the last pair of zero-order toruses there are higher-order toruses around periodic elliptic points, Fig. 7 . With the growth of k more and more KAM toruses are destroyed; then at some critical k c , the last pair of zero-order KAM torus disappears. This has dramatic consequences. For k > k c the trajectories starting from the chaotic region bounded by last pair KAM toruses leave R 2 phase plane, after some number of iterations. To estimate the critical k c we follow the method proposed by Green, described in the book by Lichtenberg and Lieberman [1992] . Namely, we consider the most stable KAM toruses, i.e. the toruses with winding number α as one furthest from the rationals. Such numbers when expanded in the continued fraction approximation α = 1 1 , a 2 , . . . , a i , 1, 1, 1, 1, . . .], where a 1 , . . . , a i are chosen to place the trajectory in the appropriate region of phase space. The smaller i the more stable is the KAM torus. Considering the toruses with signature (n, 1, 1, 1, . . .) we found that the most stable torus, the unique one which remains stable at k = 0.32, is for n = 9. Its winding number is α c α c = 1 The above analysis shows that the critical k c ∈ (0.23, 0.232). In Fig. 9 probably the (last?) three stable resonances 5/48, 8/77, 13/125 for k = 0.232 along with the chaotic trajectory are shown. We can see that the resonances α 5 = 8/77 and α 6 = 13/125 are immersed in the chaotic trajectory; hence there does not exist any KAM torus between them. The diffusion through just broken KAM torus (cantori) is in fact very slow, and (for k = 0.232) when starting from the vicinity of (0, 0) one can make hundreds of thousands interactions without crossing the last broken torus, Fig. 10 . After crossing the last cantori the trajectory in relatively small number of iterations leave the R 2 plane. For k slightly bigger than the critical one there are finite pseudochaotic trajectories. The infinite circuit trajectories still exist for k > k c , however they are not connected, i.e. they consists of a number of points or higher-order toruses. The most stable family of circuit trajectories origin from the tenth resonance. At k ≈ 0.2575 ten periodic points lose their stability and split into two, the second split is at k ≈ 0.2605, then third at k ≈ 0.26095 and fourth at k ≈ 0.260970. Thus at k = 0.260970 there exists the trajectory consisting of 10 * 2 * 2 * 2 * 2 periodic points (or fifthorder toruses). The above numerical analysis suggests that the last circuit trajectory is destroyed for 
Domain of Transformation (5) (6)
Let T k denote the transformation given by (5)-(6) for given k and
Since Eq. (6) may not have any solution in real numbers it is interesting to consider domain
Obviously D m k ⊆ D n k for m > n. In Fig. 11 the set D 100 0.31 is shown, while the enlarged fragment of D 100
0.31 appears in Fig. 12 . It is interesting to consider the limit
It seems obvious from Figs. 11 and 12 that at least for some k the set D ∞ k is not connected. Moreover, as we know from the previous section, there is an infinite sequence of periodic points (along with higher-order toruses) tending to the limiting KAM torus. This suggests that at least for some perturbation parameter k, D ∞ k consists of an infinite number of components, and its boundary may be of fractal nature. The domain D ∞ k rapidly decreases at k = k c . For k ≤ k c the limiting torus is of zero-order while for k > k c the limiting torus is of first-order, around the stable point (π, 0).
Conclusions
In the paper we have discussed the main properties of the system (5)-(6) describing the statics of infinite chain consisting of identical interacting units. The potential energy of unit interactions has been assumed in the simple periodic form being harmonic in small distortions limit. Due to periodicity (2) we obtained the very specific iteration Eq. (6) which is irreversible (when k = 0) for some X i , Y i .
The properties of the system (5)-(6) significantly differ from those of the standard system. This shows that restriction to the harmonic approximation of interaction energy, may lead to a loss of many important properties of the mechanical system, especially when large distortions are considered.
Beyond the presented analysis there are some important points:
(1) In the paper we restrict to the first branch of arcsin (6), while one may expect the solutions for which Y i / ∈ (−π/2, π/2) for some i. where α = const is an arbitrary angle, may be more accurate for some systems. 
